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ABSTRACT: We propose a number of new Seiberg dualities of A = 1 quiver gauge theories.
The new Seiberg dualities originate in new S-dualities of N' = 2 superconformal field theo-
ries recently proposed by Gaiotto. N' = 2 S-dual theories deformed by suitable mass terms
flow to our A/ = 1 Seiberg dual theories. We show that the number of exactly marginal
operators is universal for these Seiberg dual theories and the ’t Hooft anomaly matching
holds for these theories. These provide strong evidence for the new Seiberg dualities. Fur-
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example. We show that chiral operators and their non-linear relations match between these
theories. These arguments also give non-trivial consistency checks for our proposal.
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1 Introduction

Seiberg duality [1] plays an important role for understanding phase structures of N' = 1
supersymmetric gauge theories in four dimensions. Although an N = 1 theory and its
Seiberg dual theory are not equivalent, the dual theory describes the same infrared physics
as that of the original theory. For example, in /' = 1 supersymmetric QCD (SQCD) in
conformal window (3N./2 < Ny < 3N,), the Seiberg duality implies the existence of a non-
trivial infrared fixed point, where an interacting superconformal field theory is realized [1]
(see [2] for a review). The original and dual theories flow to the same infrared fixed point.

On the other hand, some N = 2 superconformal gauge theories are known to have an
exact S-duality, which means that a strong gauge coupling region of a theory is equivalent
to a weak coupling region of another theory at any energy scale [3, 4], like Montonen-Olive
duality in the N' = 4 supersymmetric gauge theory. Interestingly, it was proposed in [5]
that the Seiberg duality is associated with the S-duality in the N' = 2 supersymmetric
gauge theory. By the mass deformation for the adjoint chiral multiplet, the S-dual pair of
N = 2 superconformal gauge theories flows to the N/ = 1 theories which are precisely a
Seiberg dual pair. (See [6-8] for related discussions.)

Recently, Gaiotto proposed a new chain of S-dualities in N' = 2 superconformal quiver
gauge theories [9] and many related developments have been made [10-15]. The N = 2



superconformal theories associated with the generalized quiver diagrams, which we will
explain later, are all equivalent, or S-dual to each other, if they have the same “genus” of
the quiver diagram and the same global symmetry. The theories where the gauge group
is SU(2)? are the simplest case. In this case, we can explicitly construct the Lagrangians
of all the generalized quiver gauge theories and their flavor symmetries are generically
SU(2)".! They form a large class of the quiver gauge theories, which is denoted as Ty,
where 3 — 3g = n — p, because they are proposed to realized on M5 branes wrapped on
genus g Riemann surface with n punctures.

In this paper, from the Gaiotto’s S-dualities in 7,, we propose a number of new
Seiberg dualities of A/ = 1 quiver gauge theories, which implies there are a large number
of new non-trivial N' = 1 superconformal field theories. As one gauge group case in [5],
N = 2 superconformal quiver gauge theories 7, are expected to flow to infrared fixed
points, by the mass deformations for the adjoint chiral multiplets. This can be partially
verified by turning off the gauge couplings except one. In that case, the theory is nothing
but /' =1 SQCD with four flavors which flows to the non-trivial infrared fixed point.

In general, this deformation produces several quartic terms in the superpotential. In
the ultraviolet, these are irrelevant operators. However, they show non-trivial behavior
in the infrared: some combinations of these develop to exactly marginal operators, whose
coupling constants span a manifold of fixed points. It is generally difficult to identify the
exactly marginal operators. However, we can still count the (complex) dimension of the
manifold of the fixed points, that is the number of the exactly marginal operators by means
of the argument in [5]. It reveals that if we concentrate on the operators keeping the flavor
symmetry SU(2)", the number of them is 2n and universal for the quiver gauge theories
obtained from 7, for fixed g and n.

We focus on the above-mentioned fact that the S-duality relates various different look-
ing N' = 2 superconformal quiver gauge theories. We show that this property implies
interesting physics: many different looking N’ = 1 quiver gauge theories flow to the same
infrared fixed point, by the mass deformations of the S-dual family. As a result, we propose
new Seiberg dualities which relate a large number of N' = 1 quiver gauge theories. For in-
stance, two quiver theories obtained from 7; o theories are expected to be dual. One quiver
in this category is a slightly generalized theory of the one considered by Klebanov and
Witten [16], i.e., the quiver with a loop and two gauge groups. The S-dualities imply that
this theory is Seiberg dual to the other theory with a different quiver diagram. Notice that
the original generalized Klebanov-Witten theory is self-dual under the usual Seiberg dual-
ity on one gauge group. Therefore, it is very remarkable that the new Seiberg dual theory
describes the same infrared physics as that of the generalized Klebanov-Witten theory.

In order to verify our proposal, we give non-trivial consistency checks of these dualities.
The above counting of the exactly marginal operators could be strong evidence: recall that
it is universal for fixed g and n. Also, we show that the 't Hooft anomaly matching holds
for all the theories obtained from 7, for fixed g and n, although we need a bit care in the

! For some SU(N) generalized quiver gauge theories (N > 2), the Lagrangian description has not
been found.



case with an enhanced global symmetry. Another non-trivial check of these dualities is the
matching of several operators. We will perform this in the quiver gauge theories obtained
from 77  theories mentioned above. We demonstrate that chiral operators match between
the generalized Klebanov-Witten theory and its dual. We also consider the matching of
non-linear relations for the chiral operators, i.e., the matching of the chiral ring, which
indicates that the matching of the classical moduli space.

The organization of this paper is as follows. After reviewing the S-dualities in N' = 2
superconformal quiver gauge theories [9] in subsection 2.1, we then consider the deformation
to N =1 in subsection 2.2. We will propose new Seiberg dualities among these theories.
Also, we check that the global anomalies match in these theories. In section 3, we analyze
exactly marginal operators in these theories. We will see that the number of the exactly
marginal operators is universal for the proposed Seiberg dual theories. In section 4, we
consider a simple model, whose quiver diagram is identical to the Klebanov-Witten theory,
and its dual. We will identify the operators in the dual theory, which correspond to the
operators in the generalized Klebanov-Witten theory. Section 5 is devoted to conclusion
and discussion.

2 AN =1SCFTs from N =2 SCFTs

2.1 N =2 superconformal quiver gauge theories and S-dualities

A large class of N = 2 superconformal quiver gauge theories in four dimensions was con-
structed in [9]. In this paper, we mainly consider the theories with SU(2)P gauge group.
In this case, a class of N/ = 2 superconformal quivers is specified by the number of SU(2)
flavor symmetries, n, and “genus” of the quiver diagram, g = 1+ %, which is denoted as
74 Since there exist many Lagrangian descriptions associated with a label (g,n), quivers
contained in 7y, are various in shape. The different looking quivers with same g and n are
related by the S-duality. We will review this in this subsection.

Among these N' = 2 superconformal gauge theories, the SU(2) gauge theory with
4 fundamental hypermultiplets, 7y 4, is the simplest and important example. Since the
fundamental representation of SU(2) is pseudo-real, the flavor symmetry is SO(8). We
consider an SO(4) x SO(4) ~ SU(2)* subgroup of the SO(8) flavor symmetry according
to [9]. Motivated by this, we denote this theory as figure 1.

In order to construct the Lagrangian of this theory, we start with four free fundamental
hypermultiplets, which we will denote as 7y 3. Let us denote these superfields by Qe
where three indices label fundamental representations of the different flavor SU(2)’s (o =
1,2, a = 1,2 and 7 = 1,2). By gauging one of three SU(2) flavor symmetries, e.g., SU(2)
labeled by «, the superpotential can be written as

W = Qaai(E(ﬁ)agEabEijQﬁbj. (2.1)

Now we introduce two copies of four free hypermultiplets to construct 7y 4 theory. The
SU(2) gauge group can be obtained by gauging a diagonal part of two SU(2) symmetries
of different sets of four free hypermultiplets.



Figure 1. The quiver diagram of SU(2) gauge theory with four fundamental hypermultiplets.

In order to consider the S-duality, we introduce the mass parameters associated with
SU(2)qp,.. flavor symmetries as mqyp, . The S-duality of this theory is associated with
the triality of SO(8) which exchanges 8, 85 and 8, representations of SO(8). Under the
SU(2), x SU(2), x SU(2). x SU(2)4 subgroup, they decompose as

(2a ® 2b) ©® (20 ® 2d)=
(za ® 26) @ (zb ® 2d)a
(2, ®2q) @ (2p ® 2.). (2.2)

8,
8
8.

Therefore, the S-duality permutes four SU(2) symmetries. The strongly coupled limits of
the original theory are S-dual to weakly coupled limits of the theory where SU(2) flavor
symmetries are permuted.

The generalization to the quiver gauge theory is straightforward. All possible super-
conformal quiver gauge theories with SU(2) gauge groups can be constructed from the
fundamental building block 7j 3 by gauging some of the flavor symmetries. The gauging of
one SU(2) symmetry of 7j 3 leads to two fundamental hypermultiplets, as seen above. By
gauging two SU(2) symmetries of 7p3, we obtain a bifundamental hypermultiplet which
has one SU(2) flavor symmetry. Let us denote a bifundamental hypermultiplet by B*1<2¢,
where ¢ (= 1,2) are the flavor indices and oy and ay label two gauged SU(2) respectively.
The superpotential of this bifundamental can be written as

W = B [(61) a1 8,Eas8s + Earpr (E02)azs) B ey;. (2.3)

Also, by gauging three SU(2) flavor symmetries, we obtain a trifundamental multiplet. If
we denote this multiplet by T%1%243 the superpotential is
TP1B285

(2.4)
In order to obtain a superconformal gauge theory where G-functions of the gauge couplings

W = Tore2es [(5¢1)a1515a2ﬁ26a353 + €1 (6¢2)0¢25250¢353 + €a1B1€a2p2 (5¢3)04353]

vanish, each gauge factor has to couple effectively to four fundamental hypermultiplets.
This means that each SU(2) gauge group should be obtained by gauging of a diagonal
subgroup of two SU(2) flavor symmetries of 7y 3’s. Collecting these pieces, we can construct
various N = 2 superconformal quiver gauge theories which have SU(2)P gauge group and
SU(2)™ flavor symmetry. Corresponding quiver diagrams have genus g = 1+25". Applying
the S-duality of 7y 4 to each gauge group, we have different quiver gauge theories in 7 ,,.
(This procedure corresponds to s-t duality regarding the SU(2) gauge factor as a propagator
and 7y 3 as a vertex.) Therefore, all the theories in 7, are related by the S-dualities.



Figure 2. Two different quivers 7; » which are related by the S-duality.

UsSp(4)

Figure 3. The enhanced flavor symmetry of 77 2. Both quivers have the USp(4) = SO(5) flavor
symmetry.

In general, the global symmetry of 7, is SU(2)" x SU(2) g x U(1) . However, in some
cases, the flavor symmetry of the gauge theory is further enhanced. A trivial case is, of
course, 7y 4 where SU(2)* is enhanced to SO(8). The simplest non-trivial case is T2, as
depicted in figure 2. The left quiver can be regarded as an SO(4) gauge theory with four
half-hypermultiplets transforming in 4. Since 4 is real, the flavor symmetry is enhanced to
USp(4). More concrete observation of the enhancement of the flavor symmetry, based on
SU(2) x SU(2) instead of SO(4), will be presented in appendix A.

The nontrivial S-dual theory of the above-mentioned one corresponds to the right
quiver in figure 2. The full flavor symmetry can be seen as follows: the right trifundamental
is charged under the right SU(2) gauge symmetry as 2®2 = 3@ 1. We can regard this as a
SO(3) vector and a singlet. Therefore, the trifundamental decomposes into a bifundamental
of the SU(2) x SO(3) gauge symmetry and a fundamental of SU(2). The latter is mixed
with the left fundamentals to form an SO(5) flavor symmetry (figure 3). This matches
with the symmetry of the original quiver. We will analyze these in the subsequent sections
more explicitly.

Another example is 73 9. In this case, we can see that the flavor symmetry is enhanced
to SO(2) as in figure 4.

Finally, we comment on punctured Riemann surfaces which play a role in the study
the N' = 2 quiver gauge theories. In [9], it was pointed out that the space of the gauge
coupling constants of the theory is identified with the complex moduli space of the as-
sociated Riemann surface. The labels g and n of this family of SCFTs are precisely the
genus and the number of punctures of the corresponding Riemann surface. Let us consider
the schematic description of 74 for instance, which is associated with a sphere with four
punctures Cp 4. The four SU(2) flavor symmetries of 7g 4 correspond to four punctures on
the sphere Cp4. By the decoupling of the gauge coupling 7 — ioo, we obtain two copies
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SO(2)

Figure 4. The enhanced flavor symmetry of 73 . Both quivers have the SO(2) flavor symmetry. On
the left, upper and lower trifundamentals form a SO(2) vector. In the middle, each trifundamental
decomposes as 2 ® 2 = 3 @ 1, as the 77 » case. It produces two fundamental chiral multiplets for
the center node (right). Thus, the flavor symmetry is SO(2).

) - 100 O D0

Figure 5. Possible degeneration limits of a sphere with four punctures, which correspond to the
usual weak coupling limit and S-dual weak coupling descriptions.

of 7y 3’s, each of which has an SU(2)3 flavor symmetry. This decoupling limit corresponds
to the degeneration limit of a sphere into two three punctured-spheres. Thus, 7y 3 is the
building block for the quiver, associated with a sphere with three punctures Cp 3. A de-
composition of a punctured surface Cy ,, into Cp 3’s corresponds to a weakly-coupled gauge
theory description of the SCFTs 7, ,, as well.

We can also give a schematic explanation of the S-dualities. Let us introduce the mass
parameters for 7j 4 theory associated with SU(2),;, . flavor symmetries. In this case, the
gauge coupling moduli space is now described by a sphere with four marked punctures.
Since the punctures are marked, we have three different degeneration limits of a sphere,
as in figure 5. This is precisely the S-duality which permutes four SU(2) symmetries. In
generic 7y p, all the possible weak coupling S-dual descriptions correspond to the possible
degeneration limits of the Riemann surface Cy ,,.

2.2 N =1 superconformal quiver gauge theories

In what follows, we will consider the deformation of N = 2 superconformal quiver gauge
theories 7, , to N' =1 by the mass terms for the adjoint /' = 1 chiral multiplets in N = 2
vector multiplets.

Let us consider the 7y 4 case, i.e., the SU(2) gauge theory with four fundamental
hypermultiplets. (For simplicity, we focus on the massless fundamental case.) With the
mass deformation, below the energy scale of the mass parameter we integrate out the
adjoint and the superpotential becomes W ~ hQ*. In the ultraviolet, h is an irrelevant
coupling. However, it is, in the infrared, exactly marginal coupling in this AV = 1 theory [5].
Indeed, the B-function for A is proportional to the one for the gauge coupling constant:

Br o< By o< 1+ 27, (2.5)



where 7 is the anomalous dimension of (). Thus, the solutions to 8, = 3, = 0 form one
complex dimensional manifold (fixed line) because 7 is a function of g and h.

The existence of the fixed line can be convinced by considering h = 0, that is N/ =1
SQCD with Ny = 2N,, in which it was shown that a nontrivial infrared fixed point exists [1].
From N = 2 point of view, the gauge coupling constant in the ultraviolet region, which is
the exactly marginal coupling in 7y 4 theory, parametrizes this N' =1 fixed line.

The 7o 4 theory is self-dual in a sense that the S-duality does not change the quiver
diagram. Thus, we obtain a similar theory by the mass deformation [5]. This “dual” theory
also has a quartic coupling hp, whose value at the infrared fixed point is roughly the inverse
of that of the original coupling h, associated with the S-dual transformation of the gauge
coupling constant.

Things become more interesting when we consider higher g and n cases. As the 7g 4
case above, N' = 1 quiver gauge theories obtained from 7, by the mass deformation are
expected to flow to the superconformal fixed point. Furthermore, it leads to the higher
dimensional manifold of fixed points, which is associated with the fixed manifold of N' = 2
superconformal theories 7, ,. Partial evidence of the superconformal fixed points can be
seen, as above, by taking h12 ., = 0and g2, , = 0 except for g;. In this case, the theory
reduces to N' =1 SQCD and we know the existence of the infrared fixed point.

Recall that the S-dualities relate many different looking quiver gauge theories in 7 ,,.
Hence, we obtain many different looking A/ = 1 quiver gauge theories by the mass defor-
mation. These are supposed to describe the same infrared physics. Therefore, this implies
the existence of dualities among those N' = 1 quiver gauge theories. Of course, it includes
the self-dual duality as the 7p 4 case as well.

The easiest non-trivial check of the existence of the superconformal fixed points and
this Seiberg duality might be the ’t Hooft anomaly matching. For generic quivers obtained
from 7, where the enhancement of the flavor symmetry does not occur, the anomaly
matching is very simple. We perform this at the origin of the moduli space of vacua.
The global symmetry is SU(2); x SU(2)2 x ... x SU(2),, x U(1)g. The SU(2)? anomalies
(¢ = 1,...,n) vanish, because the fundamental representation of SU(2) are pseudo-real.
Also, the SU(2); xU(1)% anomalies are trivially zero. Next note that all the chiral multiplets
have the same U(1) g charge —1/2 and there exist the same number of such chiral superfields
for fixed n and g if we do not distinguish the SU(2) flavor and gauge indices. Note also
that the multiplets which have the SU(2); flavor symmetry, which are 7 3, have the same
number of extra indices of SU(2)%. Therefore, SU(2)? x U(1)g, U(1)% and U(1) g anomalies
are, respectively, the same for fixed n and g.

The non-trivial case is the quivers obtained from 77 » where the global symmetries are
enhanced to USp(4)(= SO(5)) x U(1)g. The left quiver of figure 3 has the chiral multiplets
in 4 of USp(4), while the right quiver of figure 3 has those in 5 of SO(5). Since these
representations are real, the USp(4)® anomalies are zero for both sides. Also, since all the
chiral multiplets have the same U(1)r charge —1/2 as noted above, the matching of the
U(1)% and U(1)g anomalies is trivial. Finally, note that in terms of USp(4), the quadratic



Casimir of 5 is twice as that of 4. Therefore,

(USp(4)*U(1)r: 1x4x (—%) =2x2x (—%) . (2.6)

This confirms that the anomalies of both theories match.

In the rest of this paper, we will devote to collect other non-trivial evidence of the
existence of the superconformal fixed points and the Seiberg dualities. In section 3, we will
consider exactly marginal operators in these N’ = 1 quiver gauge theories. In section 4,
we concentrate on a particular example: the generalized Klebanov-Witten theory and its
dual introduced above. We will see the matching of the chiral operators and the nonlinear
constraints on them.

3 Exactly marginal operators

In this section, we analyze exactly marginal operators in N/ = 1 quiver gauge theories with
generic quartic terms in the superpotential. First of all, we briefly review the argument of [5]
for the existence of the exactly marginal operators. Let us consider a supersymmetric gauge
theory with product gauge groups, [[t_; G;, and chiral multiplets, ¢,, which is transformed
as a representation R,(G;) of the gauge group G;. We consider a superpotential W =
Yo hs W) (¢,), where each W) is a product of dg chiral superfields (s = 1,...,m). As

in [5], at a superconformal fixed point, the scaling coefficients

A, = (3(}2 ZT )(1 - 'ya)> : (3.1)

Aln W)

Ap, =ds =3+ 5 Z% g

(3.2)
have to vanish [5]. Here Cy(G;) is the quadratic Casimir, T(R,(G;)) is the index of the
representation R,(G;) and 7, is the anomalous dimension of the chiral superfield ¢,. The
derivative of the last term in (3.2) counts the number of ¢, in W), From these, in general,
we obtain p + m equations. However, some of the equations would be degenerate. Let us
denote the number of the linearly independent equations as ¢ (< p + m). These impose

2 Thus, we expect that there is p +m — ¢

the ¢ conditions on p 4+ m coupling constants.
dimensional space of the solutions to these equations. In other words, there will exist
p + m — q exactly marginal operators. We will simply assume there indeed exist p+m — ¢
exactly marginal operators in our application.

Now, we consider N' = 1 supersymmetric quiver gauge theories associated with N' = 2
superconformal quiver gauge theories 7, ,,. In particular, we consider the theories where the
enhancement of the flavor symmetry does not occur. (We will analyze the theories with

enhanced flavor symmetries, after the general discussion.) These theories are obtained

2 Of course there may be relevant and irrelevant operators which make the equations insolvable. In this
case, we take these coupling vanish and reconsider the equations for the vanishing beta functions forgetting
these couplings.



as follows. First of all, we focus on a particular node of quiver. For such a node, the
superpotential is

1
W=om Tr ¢® + Z hs Tr ¢ X, (3.3)
s=1,2

where ¢ is the adjoint chiral superfield of the node we are considering. The second term is
due to the superpotential of the AV = 2 supersymmetric gauge theory. The couplings hg are
related with the gauge coupling ¢ in the N' = 2 theory. Each X is Q2 or B? or T2, where
Q, B, and T are fundamental, bifundamental, and trifundamental superfields, respectively,
as seen in the subsection 2.1. The trace is taken over the gauge indices of the node. All
the other indices of the gauge and flavor symmetries of (bi or tri)fundamentals are already
contracted as the superpotential is invariant under such symmetries. Integrating ¢ out,
we obtain

1
W= (h1 Tr X7 + ho Tr X3 + 2h1he Tr X1 X5) . (3.4)
m

For each node, we add the mass term for the adjoint chiral field and we have the su-
perpotential (3.4) after integrating out it. The resulting N/ = 1 supersymmetric gauge
theory will be superconformal at least if we tune the masses and the gauge coupling con-
stants. Actually, all beta functions vanish if 7, = —1/2 and there will be exactly marginal
operators.

We then consider how many exactly marginal operators keeping the flavor symmetry
SU(2)™ exist for this theory. Because 7, = —1/2, only quartic superpotential can be
marginal. As we saw in subsection 2.1, each node couples to two different matter multiplets,
say P and R, each of which is two fundamentals or a bifundamental or a trifundamental. Let
X1 and X5 be products of P and R respectively. The generic quartic superpotential keeping
the flavor symmetry is a sum of the superpotential associated for each node, like (3.4),

W = HP* + HyR" + H3P?R%. (3.5)

Note that there is one independent quartic operator which is constructed from one field,
e.g. P*or R*in (3.5)% and in the sum of the superpotentials for the nodes, a Hy or Ha-type
coupling can appear in the superpotentials for two or three adjacent nodes. However, we
need a bit care about the operator which is generated by two fields, like P2R? in (3.5).
Generically, there exists one such independent operator from two fields and, therefore, the
H; type coupling appear only once in the superpotential at a node. In special cases, how-
ever, it is possible to construct two independent operators. For a moment, we assume that
the number of such independent operator is one and treat such cases after general argument.

In order to count the exactly marginal operators for the A/ = 1 theory, it is convenient
to consider the relations between scaling coefficients when the mass perturbation is turned
off. Let Az and A, be the scaling coeflicients of the gauge coupling constant and the
couplings hg before integrating out ¢. We refer to the anomalous dimensions of P, R and

% This fact is easily seen by noticing that the chiral field have three global or gauge SU(2) indices, let
us denote it Q1?23 and there is only one invariant under the three SU(2) constructed from four Q’s.



Figure 6. A quiver including “small loop” which consists of two gauge groups and two tri(or

bi)fundamentals.

¢ as vp, 7r and 7y, respectively. In this case, the scaling coefficients for h; and hy are
Ap, = 3(v +2vp) and Ap, = 1(74 + 2vg). In terms of these, A; can be written as

Aj = —2(v +vp +R) = —2(An, + Any,)- (3.6)

Such relation is satisfied for each node.
Then, we return to consider the N' = 1 supersymmetric quiver gauge theory with (3.5).
The scaling coefficients for Hy, H, and Hg can be evaluated as

Am,

1 1
1+ <Ah1 - 5%) + <Ah1 - §’Y¢>> =1+24n — 7,

AH2 =1 —{—2Ah2 — Vo5
1

AH3 =1+ Ah1 + AhQ — Yo = §(AH1 + AHQ) (37)

Also, by using (3.6), the scaling coefficient for the gauge coupling g for the node can be
calculated as

Ag= A5 —2(1 =) = =2(An; + Ay + 1 —73) = —(An, + An,). (3.8)

Therefore, we see that two equations, (3.7) and (3.8), are redundant.

So far, we only considered a particular node. For each node, we can do the same
calculation as above. As we assumed above, the operator associated with the Hz-type
coupling constant appears exactly one time for each node. Therefore, the number of the
dependent equations is 2 for each node and we conclude that the number of the exactly
marginal operator is 2p, where p is the total number of the nodes.

At this stage, let us analyze the validity of the assumption. We should be careful about
the counting of independent Hs-type operators in the case where the quiver includes “small
loop”, which consists of two nodes and two bi(or tri)fundamentals as depicted in figure 6.
One might think that the Hs-type operators from the upper node and that from the lower
node are the same. However, we can construct two independent H3-type operators in this
case. Therefore, there are two Hgs-type operators for two nodes of the small loop and the
conclusion in the previous paragraph is correct.

There is one more exceptional case which needs care. This is the quivers with the
leg ending by the small loop, as figure 7. Naive consideration leads to that the Hs-type

,10,
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Figure 7. The quiver including a loop at the tip of quiver (left). As in figure 3, this quiver can be
seen as the right hand side, where 1 means one chiral multiplet.

operator for the right hand side node is the same as the Hq- or Ho-operator. It follows that
the number of the exactly marginal operators is reduced by one for such a loop. However,
this naive conclusion is wrong. Indeed, we can see this quiver as the right hand side quiver
in figure 7. In that, we have three different fields, a bifundamental chiral superfield of
SU(2) x SO(3), P, a fundamental chiral superfield for SU(2), ¢, and a chiral superfield, R.
Let vp, 74 and yg be the anomalous dimensions of P, ¢ and R. The scaling coefficients for
the gauge couplings are

3 1
AQI - — <2 + Q'YR + §'YP + §'Yq> ) AgQ = _2(1 + 27P)7 (39)

where g1 and gy are the gauge couplings of the SU(2) and SO(3) groups. Also, the generic
quartic superpotential from these fields is schematically

W = M P*+ MoR* + \sR?P? 4+ Mg’ R? + \5¢*P>. (3.10)
The scaling coefficients are

Ay, = 1+ 2vp, Ay, =1+ 27z, Ay; =1479p + R,
A)\4 = 1—{—’yq+’}/R, A)\5 =1+’7q+’7P (311)

Among them, four constraints are redundant. Therefore, there are four exactly marginal
operators and it matches with the general rule above. We conclude that the number of
the exactly marginal operators are same for a class of theories which are Seiberg dual
each other.

We note that the Seiberg dual theory contains the gauge singlet, meson, for NV = 1
SQCD and expect that there are theories with mesons for our cases. In the discussion
of [5], the theory containing the singlet meson was introduced and was expected to flow to
the infrared superconformal fixed point of N' = 1 SQCD with the quartic superpotential.
In our case, the quartic superpotential for each node is

H H H
W = 71134 + 72}24 + 7313232. (3.12)

(H; and Hs type operators will appear in the superpotentials from different nodes.) We

can also introduce the theory with mesons which has the same chiral operators as follows:

1 1 1
W = N1 P? + NyR? + N3PR — N2 — N2 — N2 3.13
157+ Noft”™ + N3 2, 1 2, 2 2H, 35 ( )
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where Nj o3 are independent operators and, in P?, R? and PR, only the gauge indices
of the node we are considering are contracted. We expect them to flow to the infrared
superconformal fixed point of the theory with no meson (3.12), although there is no strong
evidence to support it. At least the chiral ring of the theory with mesons is the same as
the one without mesons.

We have counted the number of the exactly marginal operators keeping the flavor
symmetry SU(2)". However, as seen in subsection 2.1, the flavor symmetry would be en-
hanced in some cases. The number of the exactly marginal operator keeping this enhanced
symmetry could be reduced. Let us consider these cases here. The first simple example
is the SU(2) gauge theory with four flavors (eight fundamental chiral multiplets) obtained
from 7y 4, where the flavor symmetry is SO(8). As noted in subsection 2.2, the coupling
constant of a quartic term in the superpotential is a exactly marginal coupling and there is
one exactly marginal operator. Indeed, the independent quartic operator is unique in this
case and two conditions 3, = 3}, = 0 are linearly dependent.

A nontrivial case is the quivers obtained from 7; 5 in figure 3. As analyzed in sub-
section 2.1, these two quivers have the USp(4) = SO(5) flavor symmetry. First of all, let
us consider the quiver associated with the left hand side in figure 3, which we will call
as “generalized” Klebanov-Witten theory in the following section. (The meaning of “gen-
eralized” will be soon clear.) As we will analyze in section 4, there are two independent
quartic operators: a bilinear of the mesonic operator and a baryonic one. Therefore, the
most generic superpotential is

W = h Jie JjQM QM Q" Q" + haewpocijn@" Q™ QPFQ. (3.14)

In this case, all the scaling coefficients are proportional to 1427, where () is the anomalous
dimension of Q). Therefore, there are three exactly marginal operators keeping USp(4) in
this theory.* On the other hand, the right hand side quiver in figure 3 has different matter
content. We will refer to this theory as dual theory in the following. This quiver is very
similar to the one in figure 7. Therefore, the counting of the exactly marginal operators is
straightforward and we obtain the same answer as the generalized Klebanov-Witten theory.

We also consider two quivers obtained from the 73 theories (figure 4), where the
flavor symmetry is enhanced to SO(2). There are six exactly marginal operators in both
two theories. (Note that if we keep the SU(2)™ flavor symmetry, that is no flavor symmetry,
the number of the exactly marginal operators is nine. This is only case where the general
rule for the number is incorrect.)

Finally, we comment on the SU(N)P gauge group case. In the case where the La-
grangian descriptions are exist, e.g., A, and flp,l theories [17-19], we can follow above

4 The reader may wonder that this counting is different from that in Klebanov-Witten theory [16]. This
is because Klebanov-Witten theory was obtained by a specific mass deformation from 772, where mass
parameters are chosen as mi = —maq, as we will see explicitly in section 4. In that case, the first term
in (3.14) vanishes and the flavor symmetry is enhanced to SU(4). Hence, the number of the exactly marginal
operators is reduced to two. This matches with the result in [16]. This enhancement of the flavor symmetry
should be seen in the dual theory non-trivially although we have not find a mechanism yet.
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argument. There are many exactly marginal operators.” We expect that the theories flow
to non-trivial infrared fixed points.

4 Generalized Klebanov-Witten theory and its dual

In this section, we consider a simple example which leads to a non-trivial Seiberg duality
by the mass deformation. Since a theory with one gauge group does not have a non-trivial
S-duality which changes matter contents, we consider a theory with two gauge groups
SU(2) x SU(2). In particular, we consider a theory with genus one, which is specified by
the generalized quivers illustrated in figure 2. The claim is that when we consider the mass
deformation for each theory, the resulting theories are Seiberg dual.

In the following, we consider the mass deformation for each theory. From the quiver
illustrated in the left of figure 2, we obtain the A’ = 1 generalized Klebanov-Witten theory
as discussed in the previous section. The other quiver (the right in figure 2) leads to its dual
theory. We will see that the chiral rings of the resulting theories match non-trivially, e.g., a
non-linear constraint for the mesons from the F-term equation is dual to a classical trivial
constraint. Note that we analyze the classical chiral rings and classical moduli spaces.
Since for |M| > A, the gauge group is generically broken to an abelian group for these
theories, no non-perturbative effect will appear unlike the mass deformed N/ = 1 SQCD
with Ny = N, + 2 (in the dual description) [1]. Therefore, this matching can be regarded
as non-trivial evidence of the existence of the superconformal field theory and the Seiberg
dual. In subsection 4.1 and 4.2, we analyze the generalized Klebanov-Witten theory and
its dual respectively.

4.1 Generalized Klebanov-Witten theory

In this subsection, we analyze the classical chiral ring of the generalized Klebanov-Witten
theory, whose gauge group is SU(2); x SU(2), and the flavor symmetry is USp(4). The
superpotential of the N' = 2 theory before the mass deformation is given by

W = Tr(Bl(bAl) + TI‘(BQ(bAQ) + TI‘(Al(gBl) + Tr(A2(£B2)7 (41)

where A and B are bifundamental chiral superfields and ¢ (¢) is an adjoint chiral superfields
of SU(2); (SU(2)2). By adding the following mass term

1 1 -
W = §m1Tr¢2 + 5mQTma?, (4.2)

and integrating out the massive adjoint chiral superfields, we obtain
1/1 1 o

W =- <_ + _> JikjleﬂZQﬂjQVkQVl

mi o M2

! <L - L) Euupagijle“iQijkaol- (43)

_24' mq mo

5 We thank the referee for pointing out the mistakes in the previous version.
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SO(4) | USp(4)

Ky Vymet i7.]7"'
QM 4 4
(Wa)H, 6 1

Table 1. Matter contents of the generalized Klebanov-Witten theory. W, is a field strength.

Here, for later convenience, we renamed the fields as

(A1, A, B1, Bs) — (QY, Q% Q% QY), (4.4)

and regard the gauge group as SO(4) instead of SU(2); x SU(2)2. We label the indices of
the gauge group SO(4) by u,v,--- and that of the global USp(4) group by i,7,---. The
invariant tensor J is defined as

=2 = (07, (4.5)
~10 10

where —1,0,1 are 2 x 2 matrices. For details about changing the notation from SU(2); x
SU(2)2 to SO(4) and about integrating out the adjoint superfields, see appendix B. Matter
contents of this theory are summarized in table 1.

It is known that for the SO(4) gauge theory with the superpotential W = 0, the
independent operators in the chiral ring are [20]

M) = Qrigyri, (4.6)
1 o
B = IguupagijlemekaQaly (47)
pligl 1 wigri _ L oukopt gy gis\ wroee 48
o = §5pupo Q Q - Z(Q Q lk) a ( . )
1 99171 o
ha = Ze,uupo!]ijc‘?'u Q ]Wap ) (49)
1 apy o
H = Z(E/JVPUW 'u' WaP s (410)
S = TTWeW,. (4.11)

For later convenience, we have decomposed the operator QQW into hgj I and he, which are
in the irreducible representations of the global USp(4) group.

Since we actually have a non-vanishing superpotential, we have to consider the equa-
tions of motion:

, 1 A
(ml + mQ)JiijlQuj kale + é(ml - m2)5pup05ijleV]kaQal =0, (412)

which leads to non-trivial chiral ring relations. By multiplying Q*™J™ to the equations of
motion (4.12), we obtain

(m1 + mg)Mijleln = (m1 — mg)BJmn. (4.13)
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This is decomposed into the following irreducible representations of USp(4):

. 1 .
(my +mg) | MY Jy MF — 7 (M Ty MY ) JU =0, (4.14)
(m1 + mz)MiijkMlili = 4(m1 — mQ)B. (4.15)

The first equations show non-linear constraints on the meson operator M®¥, while the
second equation indicates that the baryon operator B is decomposed into the product of
the meson operator. Only when m; —mo = 0, the baryon operator exists in the chiral ring.

Other non-linear constraints can be obtained by multiplying EWATsmnqu“"Q)‘pQTq
to the equations of motion. Using identities among invariant tensors like e#"*7¢ ..\, =

5LV5§570-], we obtain a constraint
. 1
(m1 + mQ)BJijM]kam = é(ml — m2)(cofM)im, (416)
where cofactor cof M of the matrix M is defined as
(cof M )imn, = €411Emnpg M M*P M. (4.17)

Since the totally antisymmetric invariant tensor e;;,; can be rewritten in terms of the
invariant tensor J;; as

ijkt = —Jigj Ik (4.18)
(4.17) can also be rewritten as
(cOf M )i = 3J55 MI¥ Ty (Jip MPLT 0 MT™) — 6.3 MI® Jig M T, MP9 T . (4.19)
By using this identity together with (4.15), the constraint (4.16) becomes

4(m1 — m2)QJZ-ijkalMl"anMquqm
— [Q(ml — m2)2 — (m1 + m2)2] Jiijkam(anMquqern) =0. (4.20)

On the other hand, by multiplying J,; X JjsM*t.Jy, to (4.14), we obtain
y 1
(my +ma) | Ji MY T MM J M# Jyy, — 7 (M Ty M g Jps M Ty | = 0. (4.21)

Comparing (4.20) and (4.21), we obtain the following two constraints:

Ji MIF T (T MPLT (. MT™) = 0, (4.22)
Jgi M T MM Ty, M ), = 0, (4.23)

for generic masses. Since we are assuming that my # 0, mo # 0 in order that we can
integrate out the adjoint field, (4.20) and (4.21) cannot be identical constraints. Only the

special case is m; + mg = 0, where the constraints (4.21) vanish and (4.20) becomes

g 1
Jyi M T MPL T M Ty, — 5 (M7 Ty M7 ) Jrs M5 Jp = 0. (4.24)
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If we impose the former constraints (4.22), the latter (4.23) can be derived from (4.21),
which originates in (4.14). Thus, the independent constraints for generic masses are (4.14)
and (4.22).

The usual classical constraints

1
B? = 71 det M (4.25)

can be derived from (4.15) and (4.16), and does not lead to a new constraint for the
meson operator.

In summary, when the masses are generic, the independent chiral operators are
M, h([ij ], ha, H, S, and the non-linear constraints for the meson operator are

1 -
(MJM)" — ZTr(MJMJ)J” =0, (4.26)
Te(MJMJ)MY = 0. (4.27)
Other non-linear constraints for operators including W, also exist, but we do not analyze
them here.

4.2 Dual theory

In this subsection, we consider the dual of the generalized Klebanov-Witten theory, whose
generalized quiver is illustrated in figure 3.
The superpotential of this dual N' = 2 theory before the mass deformation is given by

W = P%¢P Pl + P, 0% PPa’ + ¢ 1e,;0 e, (4.28)

where ¢ is the adjoint field of SU(2); and ¢ is the adjoint field of SU(2)y. By adding the
following mass term

1 1 ~
W = §m1Tr¢2 + §m2Tr(b2, (4.29)
and integrating out the massive adjoint fields, we obtain

1 1 1 4 b b ¢ pd d

W=-— 5 <m—1—|— m—2> PP, ebépcch ¢ g
1 bpb ¢ d Lo e d

s q7e,; Py PPafe 4] — DT A7 409799 2447 - (4.30)

Matter contents of this mass deformed dual theory is summarized in table 2.
As discussed in appendix C, the independent generators of the chiral ring of this theory
for generic masses are

My = q"15,44"s, (4.31)
hl, = qfey;, Py (Wa) ™, (4.32)
iLa = Pabde’fdbpbcb(Wa)ca ~ Pabapbabz’:“bé(wa)éa, (4.33)
Sy = Tr WeW,, (4.34)
Sy = Tr w*w, (4.35)
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SU@) SU@ [500)
paa 3 2 1
qtr 1 2 5
Wa, 3 1 1
wey |1 3 1

Table 2. Matter contents of the dual theory.

where we used the equations of motion:

1 1 b b :od d 2 boe d
-2 <m—1 + m—2> P, ebéPCdCP ¢ €ho — m—2qlede aceédql =0, (436)
2 ; ) . 9 . .
——¢e,; P PPl 1qf — —e,:d545¢,44F = 0. (4.37)
mo mo

These operators match to those of the original theory as

MY~ (THY g% My, (4.38)
Rl ~ RL(DT) TR (4.39)

he ~ ha, (4.40)
H,S ~ 5,8, (4.41)

where I'! is the gamma matrices for the Spin(5) group, and chosen such that
(TG, glkE) = o, ! = 0.

Certain linear combinations of S7 and S5 correspond to H and S, which cannot be deter-
mined from the global charge. Only when my + ms = 0, an operator

P* = P%ipPtbe; Pey P ey, (4.42)

appears in the classical chiral ring. This operator is expected to correspond to the baryon
operator B of the generalized Klebanov-Witten theory. This matching of the operators in
the classical chiral ring gives a non-trivial consistency check to the duality.

We further investigate the non-linear constraints of the meson operator. From the
definition of the meson operator M7y, we obtain non-linear constraints

My M) =0, (4.43)

which follow from the identity qb[ 70Kk qe 1] = 0, where the gauge indices of SU(2); run
a,b,c =1,2. This can also be rewritten as

&,IJKLMMJKMLM =0. (444)

Further non-linear constraints can be obtained from equations of motion (4.36) and (4.37).
By multiplying P¢;¢P%.? to the second equations of motion (4.37), and by using (C.20)
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and (C.21) in appendix C, which are also derived from the equations of motion, we finally

obtain
my (Mg Mg )Mpy = 2(my 4 mo) Mg My, My ;. (4.45)
By multiplying Mg to (4.43), we find
(Mg Mpg )My =2Mg Mg M. (4.46)
Comparing (4.45) and (4.46), we obtain

(Mg Mpg)Mpy =0, (4.47)
Mg Mg My =0, (4.48)

for generic masses. If we impose the former constraint (4.47), the latter (4.48) can be
derived from (4.46), which originates in (4.44). Thus, independent constraints are (4.44)
and (4.47).

In summary, the non-linear constraints for the meson operator are

€IJKLMMJKMLM = O, (449)

(TeM?)M;; = 0. (4.50)

These are equivalent constraints as (4.26) and (4.27). This matching of the non-linear
constraints also indicates matching of the classical moduli space. This can be strong
evidence of the Seiberg duality.

5 Conclusion and discussion

In this paper, we have proposed a large number of new Seiberg dualities of N’ = 1 gener-
alized quiver gauge theories, which originate in the S-dualities of N' = 2 superconformal
gauge theories proposed by [9]. By deforming N’ = 2 S-dual theories with adjoint mass
terms, they flow to the Seiberg dual theories, where N' = 1 superconformal field theories
are realized. We have shown some evidence for the existence of such infrared fixed points
and the Seiberg dualities. We have found that for generic SU(2)" quiver gauge theories,
the numbers of the exactly marginal operators are 2n, which are universal for the pro-
posed Seiberg dual theories. We have checked that the ’t Hooft anomaly matching also
hold for the Seiberg dual theories. As a simple example, we have considered the generalized
Klebanov-Witten theory and its dual theory and demonstrated that chiral operators match
between these two theories. We have also shown the matching of non-linear constraints for
meson operators.

In this paper, we have concentrated on the generalized SU(2)? quiver gauge theories.
However, it is very interesting problem to generalize the gauge group to generic SU(N). It
would be possible to deform them to N' = 1 (see [22] for related discussion) and discuss new
Seiberg dualities of SU(N) quiver gauge theories. This generalization is quite a non-trivial
task because the S-dualities of generic SU(IN) gauge theory is totally different from that
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of SU(2) as discussed in [9]. For example, the S-dualities for SU(3) quiver gauge theories
are based on the Argyres-Seiberg duality [21], where the Fg superconformal field theory
appears, whose SU(2) subgroup is gauged. Since the explicit Lagrangian descriptions
for the S-dual theories are not known, corresponding deformation as our analysis is not
straightforward. It would also be interesting to generalize to N' = 1 SO-USp quiver
gauge theories, by using the S-dualities in N/ = 2 superconformal SO-U Sp quiver theories
analyzed in [11].

For the SU(N) gauge group, there are N' =1 SCFTs [23, 24] which are obtained by
adding a superpotential Tr®" to the Argyres-Douglas ' = 2 SCFT, even if there are no
flavors. We expect that non-trivial ' = 1 SCFTs can also be obtained from the N/ = 2
SCFTs considered in [9] by adding a superpotential Tr®" . It will be interesting to study
properties of this type of SCFT.
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A Global symmetry of A, theory

A gauge theory corresponding to the left quiver diagram of figure 2 is known as the SU(2) x
SU(2) A, theory [18, 19]. We can generalize it to the SU(N) x SU(N) A; theory. This
SU(N) x SU(N) theory is precisely the theory on N D3 branes which probe the singular
point of C2/Zy x C. The SU(N) x SU(N) A, theory possesses a global symmetry SU(2) x
SU(2) which rotates four bifundamental matters (N, N) and (N, N) respectively.

In this appendix, we show that the global symmetry of NV = 2 Ay theory is enhanced
to USp(4) when we set N = 2. Since this special case is our interest, the enhanced flavor
symmetry is important for our discussion.

Let us introduce vectors of the chiral fields Ay, As, By and By which are in the
bifundamental representation (2,2) ~ (2, 2)

A B
A:<A2>, B:(B;) (A1)

Here we omit indices of gauge groups. Then the superpotential of SU(2) x SU(2) A; theory
is given by

W = €340 B gos + s B - A4 . (A.2)

Here o and ¢ are the indices of the former and the latter SU(2) gauge factor. It is easy to
see that the adjoint fields ¢ng = €3,¢," and gzgd 5=€ 57% are symmetric matrices.
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Turning off the superpotential, the SU(2) x SU(2) Klebanov-Witten gauge theory has
a global symmetry U(4) which rotates the vector 7QQ = (A, ’B) as follows:

Q—UQ. (A.3)

In this appendix, we study the subgroup of the unitary group U(4) under which the super-
potential is maintained invariant. We represent an element of U(4) using 2 x 2 matrices a,

U:(ZZ). (A.4)

A — aA+bB,
B — cA+ dB.

b, ¢, and d as follows

It acts on @ as follows

Under the transformation, the first term of the superpotential becomes
€4 AT B g5 — € 5(TA°Ta 4 TBTh) - (cAP + dBY%)po
= edBTAad‘(Tad - Tbc)BBﬁang + edBTAad(Tac)AﬁBqﬁaﬁ
+ €45 B (Tbd) B g 5.
The invariance of the term implies the following constraints on the matrices
Tad —Tbe =1, Tac="Tca, Tbd ="db. (A.5)
Notice that the property ¢, = ¢, implies
€4 AP MAT pog = —e; TASTN AP 5, (A.6)

for a general element M of GL(2,C). The same relation holds for B.

The second term eaﬁTBBB . Ao‘dgz;dg of the superpotential gives precisely
same constraints.

Thus the superpotential maintains the subgroup of U(4) whose elements satisfy the
following relation of 4 x 4 unitary matrix

1 1
ac 0 ab) _ (0 . (A7)
bd -10 cd -10
It means that the global symmetry of SU(2) x SU(2) A; theory is USp(4).

B Mass deformation of A, theory

In this section, we analyze the generalization of the Klebanov-Witten theory with a general
marginal superpotential as an electric side of the duality. We can generalize the SU(N) x
SU(N) Klebanov-Witten theory by adding the following superpotential

W = h*P0Te(A,BaAgBy). (B.1)

,20,



Here A and B transform as (2,1) and (1,2) under the global SU(2) x SU(2). The trace
operation vanishes some terms of W. Then the remaining superpotential consists of ten
terms (1,1) @ (3, 3)

W = he®® e Te(Aa By AgBy) + h{ePH (A, B As ). (B.2)

Thus this is the general form of the superpotential by symmetry argument. In this subsec-
tion, we specialize it to N = 2 and interpret it as a deformation of Ay theory.

Since we consider the gauge group SU(2) x SU(2) throughout the paper, it is very
convenient to rewrite it in SO(4) notation. Let us introduce six generators =123, 7/=12:3
of the gauge group SU(2) x SU(2) ~ SO(4)

T'=(*0l,0°®c% o' ®c%), J =(1c%c*20%0*20!) (B.3)
We expand the adjoint field by using Pauli matrices as basis
¢ab = UiO'iab, (5&5 = U)jO'jab. (B.4)

Then we can collect the SU(2) ¢ SO(4) adjoint chiral fields ¢ and ¢ in SO(4) (anti)self-dual

matrices V', W as follows:

0 —ovl —v2 =3 0 —w? —w! —w?
1 3 .2 2 3 1
o v 0 —v° w o w 0 w’ —w
V=TI = 9 3 1 W = Jw = 1 3 (B.5)
[I)) 0 —wv wr —w 0 —w
03 —v? ol 0 w? —w! w? 0

It is easy to see that these are 4 x 4 self-dual and antiself-dual antisymmetric matrices. We
can also represent an antisymmetric part of A%, B1% 4+ A%, Bo%, and B1%, A%, + B’y A2%,
as self-dual and antiself-dual part of 4 x 4 antisymmetric matrix X. The matrix is given by
X b = Edz}(Al{a|c'\Bléb} + Ag{a‘dBQéb}) + Eab(Alc{aBlb}c + AQC{(IBQI')}C) in spinor indices.

aaq
We rewrite it by lowering the spinor indices of fields as

€apAfale B by + €abActa Biy© = —AtaiaBiny — AataBiyy
— 2(AwBj, — Ay Boa)
— _9(A,B, - A,B,). (B.6)

Using this relation, we can write the matrix X explicitly by using the index of SO(4) vector
Xy = =2(A1, By + Az Bay))- (B.7)

When we rename the fields as
(A1, Az, B1, Bo) — (Q', Q% Q%,Q"), (B.8)

X can be rewritten as

X;u/ = _2J2]Qul ‘17;7 (Bg)
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where 7,7 = 1,--- ,4 are indices of the global USp(4) symmetry.
In this SO(4) notation, the superpotential for Aj theory is

1
W = 1 (VX +WX). (B.10)

Here tr is the trace over 4 x 4 SO(4) indices p,v = 1,--- ,4. Then we can deform the
theory by adding an N = 1 general mass term

i 1
W=wh - Z(ml tr V2 4 mo tr W?) (B.11)

At low energy, the theory flows to an N/ = 1 superconformal fixed point, as discussed
above. The infrared theory is obtained by integrating out the massive chiral fields V', W.

1
WekW — ot PPX) +

tr (X - PASPX)
mi ma

1 /1 1
= —(—+—) tr (X - (PP +P¥D)X
35 (o ) (X (P 4 PASD) )

1 1 1
t g (o o) (X (P - PO, (B

where PSP g the projector onto the (anti)self-dual part.

1

A
PD 4+ P = 5@,,% ~ 8000p),

1
SD ASD
Puupa - Puupa - §6uupa-
By substituting these explicit forms of the projectors, we obtain the superpotential of the
generalized Klebanov-Witten theory

WeKW _ 3_12 <mil + mi2> XX + 6i4 <mil — mi2> € po XX po- (B.13)
Here the first term is the superpotential of the Klebanov-Witten theory. This term pre-
serves the SU(4) global symmetry because of their determinant representation in the next
subsection. A generic mass deformation induces the second term which maintains only the
original USp(4) symmetry. By substituting (B.9) into (B.13), we obtain the superpoten-
tial (4.3) appeared in section 4.1.

C Chiral operators in the dual theory

In this appendix, we identify the independent operators in the chiral ring of the dual theory
of generalized Klebanov-Witten theory. Generally speaking, when we consider chiral rings
of a supersymmetric gauge theory, we have to take into account that chiral ring relations
for the gauge field strength W, o< DgD% e~V Dne¥] and other chiral superfields ¢ with
arbitrary representation R are given by

Wo (Tr) 9" o< DaD* [e7Y Do(e¥ )] ~ 0. (C.1)
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Here, D, Dy is a super covariant derivative, V is a vector superfield, and T is a generator
of the gauge group in the representation R. This relation is also applicable for a product
gauge group, in which case Tr* should be replaced by generators of the product gauge
group T, ® 1 and 1 ® T;,42.

Writing the relation (C.1) explicitly for each field P, ¢, W, w, in our model by using
the discussion above, we obtain

(wa)'3a"1 ~ 0,

(Wa)abeca . Paba(Wa)bc + (wa)abpacb ~0,
{Wa, WB} ~ 0,

{wa, ws} ~ 0.

First, we consider the operators invariant under the first gauge group SU(2); but not
necessarily invariant under the second gauge group SU(2)2. The fields P and W, are in
the adjoint representation of the first group. A product of three adjoint fields X = o’ X?,
Y =0'Yt Z = 0'Z" of SU(2); gauge group can be rewritten as

XYt 7 = —i(eijp X'YIZR) 6% + Te (Y Z2) X% — Te(ZX)Y % + Te(XY)Z%,  (C.6)

where “Tr” is the trace of SU(2);. It indicates that a trace operator with more than three
adjoint fields decomposes. Thus, candidates of the independent chiral operators which are
invariant under the first gauge group SU(2); are the trace operator with two or three fields
because trace of a single adjoint field vanishes. In the following, we discuss that trace
operators with three adjoint fields P or W vanish or reduce to trace operators with two
adjoint superfields. When we apply the equality (C.6) for the field P%%, the first term
vanishes because the remaining index run only ¢ = 1,2, and thus, TrP3 decomposes into
TrP? x TrP and vanishes. When we multiply P%°¢ to the chiral ring relation (C.3), and
taking into account the symmetry of the indices, we obtain

2(Wa)*y PP P%y¢ = —(wa)®, P2 P%°. (C.7)

Thus, TrW P? reduces to TrP?. By using (C.4) and by taking into account the symmetry
of the SU(2); indices, we obtain

1
(Wa)"s(Wp)'e ~ 72asd®(TrWTW,). (C8)

Thus, TrIW?2P decomposes to the product of the glueball Tri¥? and TrP, which vanishes.
Similarly, TrWW? decomposes to the product of Tri¥? and TrIV.

From the discussion above, the independent chiral operators invariant under the first
gauge group SU(2); are the following three operators;

(TeP2)% = po,apb b (TePW,)* = P 4(Wa)la, TeWaWs = (Wa)la(Ws)la. (C.9)
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By using (C.8), we notice that the third operator can be rewritten as
1 gl
TrW, Ws = isagTrW W, (C.10)

which is the glueball superfield.

Next, we consider the operators also invariant under the second gauge group SU(2)9
by combining the fields ¢, w, and the operators in (C.9). Here, (wa)al-7 and (TrP?)%; =
(TrPQ)di’abc. are in the adjoint representation while ¢%; and (TrPW,)% are fundamental
representation. Gauge invariant operators are either “loop type operators”, which are
trace operators of adjoint superfields, or “linear type operators”, which are made up of
several adjoint superfields with two fundamental superfields at both end points.

We begin with the loop type operators. As the chiral ring relation (C.8) is also appli-
cable for the field strength w, of the SU(2)y gauge group, the operators with more than
or equal to two field strength w, is only the glueball superfield trw“w,.

In general, the square of adjoint fields X = o’X? of a SU(2) gauge group can be

rewritten as
deXbc' = tr(XQ)(Sdc'. (Cll)

It indicates that when we contract one set of the indices of two X = (TrPQ)‘iB, the other

set of indices are also contracted, which results in the operator
P' = (TrP?)%; (TrP?)P,. (C.12)

Thus, the independent chiral operator more than or equal to two (TrPQ)‘iB is only this P*.

From the discussion above, we find that the independent gauge invariant chiral op-
erators include at most two (TrP?)%; and (wa)%; in total. The candidates of loop type
operators are as follows:

tr (ww), tr(w(TrP?)), tr((TrP?)(TrP?)), (C.13)

where “tr” is the trace of the second gauge group SU(2)s.

We go on to the linear type operators. When they include field strength w,, one
of the gauge indices of w, must be contracted to a combination of fields which is in the
fundamental representation as a whole. Taking into account that (C.1) is available also for
a composite operator ¢, we notice that such operators vanish in the chiral ring. Together
with the discussion just below (C.11), we notice that the linear type operators include at
most one TrP? and two operators in the fundamental representation. Thus, the candidates
of the linear type operators are as follows:

(a)(ar),  (a)(TeP?)(gs),  (a)(TrPWa),  (qr)(TeP?)(TrPW.),
(TrPW,)(TrPW3), (Tr PW,,)(Tr P?)(TrPWp), (C.14)

where the gauge indices of SU(2)9 are contracted properly.
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In the following, we show that the last two operators in (C.14) actually decompose or
vanish in the classical chiral ring. By multiplying W%, to (C.6), and by symmetrizing Y’
and Z, we show that

Te(XYZW) + Te(XZYW) = 2Te(Y Z) x Tr(W X) (C.15)

Applying this identity to the fifth operator in (C.14), we obtain
. : 1 y .
(TePWa) e, (TrPWs)" = =S4 ((TrPWaPWQ)ab + (TrPQWaW5)0b> . (C.16)
By using (C.3) to the first term of the right hand side of this equality, we obtain
a ] ab , 1 b aé
(TrPW,)%,;(TePW3)? = —¢,; (TrP* W, W5)® + 5s(.d;(wa)bé(Tﬂﬂwﬁ) . (C.17)

The equation (C.8) indicates that the first term of this equality is decomposed into the
product of the glueball Tr(W*W,,) and aab(TrPQ)ai’ , where Edb(TI‘P2)ab actually vanishes
taking into account the symmetry of the indices. We notice that the second term also de-
compose into the glueball Tr(w*w, ) and Eab(TI‘PP)ab by using the chiral ring relation (C.7).
Thus, the operator (TrPW,)(TrPWp) in (C.14) vanishes identically in the classical chi-
ral ring. Parallel discussion is possible for the last operator in (C.14), and we show that
this operator decompose into the product of P* and a linear combination of two kinds of
glueball superfield Tr(w*w,,) and Tr(W*W,,)

So far, we have not imposed the equations of motion:

Ly L\ pbb peepdi 2 pbe

-2 <m—1 + ’I’)’L_2> P a EbéPCdCP c €4y — m—2q[5de acgc_dql = O’ (C18)
2 bpb e, d_ 2 b

—Egabpab P°%e.iq7 — @adquqﬁgc_qu =0, (C.19)

which we write again for convenience. By using the first equation of motion (C.18), we
show that unless mi + mo = 0, the last operator P* in (C.13) is proportional to the the
second operator (qr)(TrP?)(qs) in (C.14), whose flavor indices are contracted:

4 my

= ————(ar)(TrP?)(q1). (C.20)
mi + meo

The second equation of motion (C.19) indicates that the last operator (q)(TrP?)(qs)
in (C.14) decomposes to the product of meson operator (qr)(g.s):

(q1)(TrP?)(qs) = —Mix Mg . (C.21)

From the discussion in this appendix, we find that the independent gauge invariant
operators in the classical chiral ring are (4.31)—(4.35).
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